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1. INTRODUCTION 
Recently, there has been an increasing interest in the study of the oscillation of solutions of 
second-order difference quations uch as [1-10]. In particular, the oscillation of second-order 
nonlinear difference quations with a damped term is studied in [7,9,11]. In this paper, we are 
mainly concerned with their linear oscillatory behavior, i.e., the relations between the oscillation 
of the nonlinear equations and the oscillation in their linear limiting equation. Consider the 
nonlinear difference quation with damped term 
A2xn + a, Ax ,  + b j (x , _~)  = 0 (1.1) 
and 
A2zn + anAZn+l + bnf(xn-r) = O, (1.2) 
where r is a positive integer, {a=} and {b,} are sequences of real numbers, f ~ C(R, R), 
limn-~oo an = a, limn-.oo bn = b E (0, co), A is the forward difference operator, defined by 
Axn ---- xn+l -xn .  Under some assumptions, the following equations are called the linear limiting 
equations of (1.1) and (1.2), respectively: 
A2xn + aAxn + bxn-r = 0 (1.3) 
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and 
A2xn + aAxn+i + bxn-~ = 0. (1.4) 
A solution xn is said to be oscillatory if it is neither eventually positive nor eventually negative. 
Otherwise, it is called nonoscillatory. The equation is called oscillatory if all its solutions are 
oscillatory. 
2.  RELATED LEMMAS 
To obtain our main results, we need the following lemmas. 
LEMMA 1. (See [11].) Every solution of (1.3) and (1.4) is oscillatory if and only ff their charac- 
teristic equations 
F(A)=(A-1)  ~+a(A-1)+bA - r  =0 (2.1) 
and 
G(A)=(A-1)  2+aA(A-1)+bA - r  =0 (2.2) 
have no positive roots, respectively. 
LEMMA 2. Suppose that a < O, b > O, and every solution of (1.3) is oscillatory. Then there 
exists an e E (0, b) such that every solution of the equation 
A2zn + (a - e) Azn + (b - e) zn-r  = 0 (2.3) 
is oscillatory also. 
PROOF. That equation (1.3) is oscillatory is equivalent to the characteristic equation (2.1) having 
no positive roots. The characteristic equation of (2.3) is 
(A - l )  2+(a-e ) (A -1)+(b-~)A  - r=0.  (2.4) 
It is easy to see that any A < 1 cannot be a root of (2.4). On the other hand, F(1) = b > 0 and 
F(co) = co. So we have 
m = min{F(A);A > 1} > 0. 
Hence, 
F (A) = (A - 1) 2 + a (A - 1) + bA -~ _> m, for A > 1. 
In a similar manner, it is easy to show that 
H(A) - (A -1)~+ a-  (A -1)+SA-  -+co, asA-+co .  
This means that there exists a A0 > 2 such that 
(~ - i) ~ + a - (~ - i) + 2 - 
Let 
d= {~0- i + ~o~}, 
for X > Ao. 
e = min 2' 
Then for A > Ao, 
(X-i) 2+(a-e)(a-i)+(b-s)x-'>_(a-i) 2+ a- (a-l)+~a- >_g. 
For I <A_<~Ao, 
(A -  1) 2 + (a -  e) (A -  1) + (b -  e) A -~ = F (A) -  e (A -  1) - eA -~ 
_> F (~) - ~ (~ - 1 + ~-~) 
m m 
k F (A) -  de > m-  - -  
2 2 
Therefore, (2.4) has no positive roots. That is to say, equation (2.3) is oscillatory also. 
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LEMMA 3. Suppose that 0 < a < 1 and every solution of (1.3) is oscillatory. Then there exists 
an ~ E (0, b) such that every solution of the equation 
A2zn + (a + e) Azn + (b - e) Zn-~ = 0 (2.5) 
is oscillatory also. 
LEMMA 4. Suppose that a >_ 1 and every solution of (1.4) is oscillatory. Then there exists an 
E (0, b) such that every SOlution of the equation 
A2zn + (a + e) Azn+x + (b - e) zn-~ = 0 (2.6) 
is oseillatory also. 
The proofs of Lemmas 3 and 4 are similar to the proof of Lemma 2. 
LEMMA 5. Assume that a < 1, f 6 C(R,R) ,  uf(u) > 0 as u # O, and f is nondecreasing. I f the 
difference inequality 
n--1 oo i 
1 (2.7) Yn >- E Z bif (Y'-r) H l _as  
s=N i=s S=s 
has a positive solution Yn, then the corresponding difference equation 
n-1  c~ i 
1 (2.8) zn = Z Z b i f (z ' - r )  f l  1 -_as 
s=N i=s S=s 
has a positive solution Zn and eventually satisfies 0 < Zn <_ Yn. 
PROOF. Suppose Yn is a positive solution of (2.7). Define & sequence of function {Wn,k}, k = 
0, 1, 2 , . , .  as follows: 
Wn,  0 = 1~ 
1 n -1  c~ 1 
.+ E E - , 
Yn s=N i f s  j=s 1 - a s 
Wn,  1 
( -~WN+I ,1  + 1 - -~ , 
l n - - l  oo i l 
E EbJ(Yi-rwi-r,k-1) [I 
Yn s fN  i=s  S=s 1 - a s 
wn,  k = 
-~WN+I ,k  q- 1 - ~ , 
n> N, 
N-v<n<N,  
n >N,  
N-T<n<N.  
By induction, 0 < Wn,k < Wn,k-1 <_ "'" < Wn,o ---- 1, SO the limit Wn = limk-~e~ Wn,k exists and 
0 < wn _< 1 holds for n _> N - r. By Lebesgue's monotone convergence theorem, we have 
~ - , 
- -  ~ bff (yi_,wi_¢ 1 aj n > N, 
Wn = Yn s=N i=s  , "= 
-~WN+ 1"~ 1 - n 
Hence, {Wn} satisfies 0 < Wn < 1 for n > N - 7". Set Zn = ynWn, then Zn is a positive solution 
of (2.8) and eventually satisfies 0 < zn <_ Yn. 
LEMMA 6. Assume that a > 1, f 6 C(R, R), uf(u) > 0 as u # O, and f is decreasing. I f  the 
difference inequality 
n--1 oo i 
_> b,f (y,_,) I ]  (1 + as) (2.9) 
8=N i-~8 S-.~8 
has a positive solution Yn, then the corresponding difference quation 
n--1 oo i 
zn = Z E bJ(z'-~') H (1 +as)  (2.10) 
s=N i=s j f f is  
has a positive solution Zn and eventually satisfies 0 < z.  <_ y. .  
The proof of Lemma 6 is similar to the proof of Lemma 5. 
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3.  MAIN  RESULTS 
THEOREM 1. Assume that 
(I) uf(u)  > 0 for u # 0 and limu-.oo(f(u)/u) = 1; 
(II) a < 0 and the characteristic equation o[ (1.3) 
F(A)  = (A -  1) 2 +a(A-  1) +bA -~ = 0 
has no positive roots. 
Then every solution of (1.1) is oscillatory. 
PROOF. Assume the contrary, and let Xn be an eventually positive solution of (1.1), i.e., there 
exists an Nt > 0 such that  Xn > 0, xn-r  > 0 for n > N1. Since limn-~ooan = a < 0 and 
lim,~-,~ bn = b > 0, then there exists an N2 > N1 such that  aj < 0, bj > 0 for j > N2. 
Set n-1 
1 Axn, 
un = H 1 -  aj 
j=N2 
then 
fl fI x 1 A2xn + [1 - (1 - an)] Axn Aun = 1 - -  a j  
j=N2 j=N2 (3.1) 
=-  H 1 bnf(xn-T)  <0. 
n 
j=N2 1 -- aj 
There are two possibilities for un, 
(1) un <Oasn > N3 > N2, or 
(2) un >Oasn > N4 > N3. 
For (1), Axn < 0 as n > N3. From (3.1), we have 
f l  AXn < O, 
n 
1---~A2Xn = Aun-  H 1 an_aj 
j=N2 1 -- aj j =N2 
since aj < 0 for j > N2. Hence, A2xn < 0 for n > N3. Thus, there exists a positive number l
such that  Axn < - l  for n > N3, which implies that  xn ~ -c~ as n --* c¢. This is impossible. 
For (2), Axn > 0 as n > N4. We show that  limn-~oo xn = l = 00. In fact, if I < 00, then 
lim bnf (xn-~-) = bf(l) > O. 
n "-~ O0 
This means there exists an N5 > N4 such that bnf(xn-~) > bf( l) /2 and an > a - 1 for n > Ns. 
Then K 




A2Xn + (a -- 1)Axn < --2f(1). 
Summing both sides of the inequality, we have Axn + (a - 1)xn ~ -oo as n --~ oo. Since 
limn-~oo xn = l < oo, this implies that  limn-~c¢ Axn = --c¢, which means limn~oo xn -- - c¢ .  
This is a contradiction. So we have 
lim Xn = oo. (3.2) 
n---+OO 
From (I) and (3.2), there exists an N6 > N5 such that  bn(f(Xn-~-)/(xn-7)) > b -¢  and an > a -¢  
for n > N6. Substituting into (1.1), we obtain 
A2xn + ( a - e) Axn + (b - e) Xn--~- <_ O, for n >_ N6. 
Linear Oscillation 
This is equivalent to 
A[ ( ;  1 )n-Ne ] ( 
-a+e AXn +(b-e )  1 -  
Summing both sides of the inequality, we have 
( 1 "] n-N6+1 ( 1 ) s-N' 
1- -a+e]  Axn+l -  1 - -a+e 
Let n -~ co, and thus, 
So we have 
Then 
1 I n-NS+l 
a + e xn_~ _< 0, for n _> N6. 
< -(b-e) i -  
l - a+ Axs > (b - e) . 1 -  a + e x~-r. 
Ax~ _> (b- e)Z. 1 -a- l -e l  x,-r. 
xn _> (b -e )  E i -a+e x~-r. 
s=Ne i=s 
663 
1 I i-Ne+l 
a + e xi -r .  
From Lemma 5, the equation 
z.--cb- e) Z Z 1 
sfN6 i=s 1-- a + e zi-r  
has a positive solution zn and satisfies 0 < zn _< xn. It is easy to see that zn is a positive solution 
of (2.3). From (II) and Lemmas 1 and 2, there exists an e E ( 0, b) such that (2.3) is oscillatory. 
This is a contradiction. Similarly, we can prove (1.1) has no eventually negative solution. 
This completes the proof. 
EXAMPLE 1. Consider the equation 
(1)  
A2xn - 2 + ~-ff AXn + 3.1+~-~ xn- l  = O. (3.3) 
The characteristic equation of its linear limiting equation is 
(A - 1) 2 - 2 (A - 1) + 3.1A -1 = 0. (3.4) 
Consider the functions 
C A) -- C A - 1) 2 - 2 C A - 1) = (A - I) (A - 3) and ¢ (A) = 3.1A -1. 
If I < A < 3, then ~(A) < 0, min{~(A); 1< A < 3} -- -1 and ¢(A) -- 3.1A -1 > I. Then 
(A-  1) 2 -  2( A -  1) + 3.1A -1 > 0, for 1 < A < 3. 
If 0 < A _< 1 or A _> 3, Then ~(A) _> 0 and ¢(A) > 0. So we have 
(A - 1) 2 - 2 C A - 1) + 3.1A - I  = ~o C A) -{- ¢ (A) > o, for any A > o. 
Hence, (3.4) has no positive roots. By Theorem 1, every solution of (3.3) is oscillatory. 
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uf(u)  > 0 for u > O, f is nondecreasing, and there exists an M > 0 such that  f (u)  < u 
for u > M; 
there exist a < 0, b > 0 such that an <_ a and b~ <_ b eventually hold; 
the characteristic function of (1.3), 
F (A)  = (~ - 1) 2 + a (~ - 1) + b~ -~ = O, 
has reM roots which satisfy A > 1. 
Then (1.1) has an eventually positive solution. 
PROOF. Suppose A0 > 1 is a solution of F(A) = 0. Then Yn = A~ is a solution of the equation 
A2yn q- aAyn + byn-~ = O. (3.5) 
It is easy to see that limn-~oo yn = +OO. From (3.5), we have 
] [\ l ---s-d/ A~.  + b y . -~ = 0. 
Summing both sides of the identity two times, we have 
n - ,  oo ( 1 ~i+,-s 
Yn-> Z ZbY '-" 
8~N2 i~8 
If  n is so large that  Yn-~ >- M,  an <_ a, and bn _< b, then we obtain 
n-1  oo i 1 
s=N~ i=s j=s  
From Lemma 5, the analog of (2.8) has a positive solution Zn and eventually 0 < Zn < Yn. It is 
easy to see that  zn is a positive solution of (1.1). 
The proof of Theorem 2 is completed. 
EXAMPLE 2. Consider the equation 
A2xn-  2+ Axn+ 2 + ~  Xn- l=0.  (3.6) 
If n is sufficiently large, then am = - (2  + 1/2 n) < -2  and bn = 2 + 1/2 ~- l  < 2.079. The 
characteristic equation of its limiting equation is 
(A -- 1) 2 -- 2 (A -- 1) + 2.079A -1 = 0. (3.7) 
Note that  (3.7) has the positive root A0 = 2.1 and that Conditions ( I ) -( I I I )  of Theorem 2 are 
satisfied. Therefore, (3.6) has an eventually positive solution. In fact, xn = 2 ~ is such a solution. 
THEOREM 3. Assume that 
(I) uf(u)  > 0 for u • O, f(oo) = oo, and l imlul_.o(f(u)/u) = 1; 
(II) 0 < a < 1 and the characteristic equation of (1.3) 
F (A) = (A - 1) 2 q- a (A - 1) + bA - r  = 0 
has no positive real roots. 
Then every solution of (1.1) is oscillatory. 
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PROOF. Similar to the proof of Theorem 1, if 0 < a < 1, we can set 
n--1 
1 Axn .  [l Un X l  1 -  a j  
j=N2 
Then f l  n 




There are two possibilities for u,:  
(1) u ,>0,  fo rn>N3>N2,0r  
(2) un < O, for n > N4 > N3. 
For (1), Axn > 0 as n > N3. Since A2xn < 0 and an > 0 for sufficiently large n, then 
l imn-~ Axn = k >_ O. If k > 0, then limn-.ooXn = c~. From (I), l im,~_~f(xn)  = oc. 
From (1.1), we have lim~-~oo A2x,~ = -00. This implies that there exist 1 > 0 and N5 > N4 such 
that 
A2xn < - l ,  for n > Ns. (3.8) 
Summing both sides of (3.8) two times, we conclude limn-~c~ Xn = -oc ,  which is impossible. 
Therefore, k = 0. Then limn-.oo x,, = p, where p is a positive constant number. From the proof 
of (2) in Theorem 1, this is impossible. 
For (2), Axn < 0. Then limn--.oo Xn = p > 0 or limn-.oo xn = O. We know from above that 
lim~-~o~ xn = p is impossible, so we can have l imn-~ x~ = 0. Similar to the proof of Theorem 1, 
we can obtain 
A2Xn + (a + ~) AXn + (b - 6) Xn- r  <_ O, for n > Nc. 
This is equivalent to 
[ (  1 ) n-N6 ] ( 1 ) n-Ns+l 
- Axn + (b - e) 1 - a - ~ xn- r  < 0, for n > Nc. A 1 -a -s  
Using a similar means of the proof of Theorem 1, we have 
Xnk(b -¢)  E 1 -a -e  z i - r .  
s=n i=N 
From Lemma 5, the equation 
oo s-1 ( )i-s+l 
zo = E E 1 
s=n i=N 1 -- a -- e z i -v  
has a positive solution Zn and satisfies 0 < zn _< x,~. It is easy to see that zn is a positive solution 
of (2.5). From (II) and Lemmas 1 and 2, there exists an ~ e (0, b) such that (2.5) is Oscillatory. 
This is a contradiction. Similarly, we can prove (1.1) has no eventually negative solution. 
COROLLARY. / [  a : 0 and Condition (I) o f  Theorem 3 holds, then every solution of  (1.1) is 
oscillatory. 
This corollary can be obtained from Theorem 3. It can also be proved directly. In fact, 
we assume x(n)  is an eventually positive solution. Then A2z(n) < 0. Then Az(n)  > 0 for 
sufficiently large n. Hence, limn-.oo xn = l > 0. From (I) of Theorem 3 and the continuousness 
of f ,  then there exists an M > 0 such that b, J (xn - r )  > M for sufficiently large n. From (1.1), 
we get /k2x(n)  + M < O. This is equivalent to A2x(n) < -M.  Summing it two times, we have 
x(n)  --* -oo .  This is a contradiction. Similarly, we can prove (1.1) has no eventually negative 
solution. 
The proof of Theorem 3 is completed. 
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THEOREM 4. Assume that 
(I) uf(u)  > 0 for u > O, f is nondecreasing, and there exists an ~ > 0 such that f (u)  <_ u for 
u<e;  
(II) there exist 0 < a < l, b > O, which satisfy an <_ a < 1, bn <_ b eventually, 
(I I I) the characteristic equation of (1.3) 
F (A) = (~ - i )  2 + a (~ - i )  + b~-" = 0 
has tea / roots  which satisfy 0 < ~ < 1. 
Then (1.1) has an eventually positive solution. 
The proof of Theorem 4 can be carried out as is done in the proof of Theorem 2. 
THEOREM 5. Suppose that 
(I) uf(u)  > 0 for u # 0 and limlul__.o(f(u)/u ) = 1; 
(II) a > 1 and the characteristic equation of (1.4) 
F (A) = (A - 1) 2 + aA (A - 1) + bA -~ = 0 
has no real roots. 
Then every solution of (1.2) is oscillatory. 
PROOF. Assume the contrary, and let xn be an eventually positive solution of (1.2), i.e., there 
exists an N1 > 0 such that  xn > 0, xn - r  > 0 for j > N1. Since limn-.oo an = a < l, limn-.oo bn = 
b > 0, then there exists an N2 > N1 such that  a s > 0, bj > 0 for j > N2. 
Set 
u.  = 1-I (i + a~)~. .  
j=N: 
Then 
. _1  
Au.  = H (1 + aj)  A2xn + (1 + aj)  [(1 + an) -- 1] Axn+ 1 
j=N2 j=N2 
= -- ~ (!+a~)b,~f(xn_.) <0.  
j=N2 
There are two possibilities for un: 
(1) u ,>0,  fo rn>N3>N2,0r  
(2) u,  < O, for n > N4 > N3. 
For (1), Axn > 0 as n > N3. Since A2xn 
(3.9) 
A2xn + (a + e)/XXn+ 1(b - ~) Xn-r < O, for n > N6. 
Using similar means as the proof of Theorem 1, we have 
OO s--1 
x .  > (b -~)~ Z (1 + a+~) ' - ' x , -~ .  
s=n i=N 
< 0 and a ,  > 0 for sufficiently large n, then 
limn-~o~ Axn = k >_ O. If k > 0, then limn-.oo xn = oo and limn-~oo/~2Xn = O. Since 
l imn-~ anAx,+ i  = ak > k and limn-.oo b, f (x , )  > 0. This implies that  x~ is not a solu- 
tion of (1.1). This is a contradiction. Therefore, if k = 0, then limn-.oo xn = p, where p is a 
positive constant number. From the proof of (2) in Theorem 1, this is impossible. 
For (2), Axn < 0. Then limn--.ooxn -- p > 0 or l imn~ooxn -- 0. We know from the above 
~roof that  lim~-~oo x~ = p is impossible, so we can have limn-.oo xn = O. Similar to the proof of 
Theorem 1, we can obtain 
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From Lemma 6, the equation 
oo s -1  
s=n i=N 
has a positive solution zn and satisfies 0 < zn <_ Xn. It is easy to see that  z~ is a positive solution 
of (2.6). From (II) and Lemmas 1 and 2, an application of Lemma 6 will obtain a contradiction. 
Similarly, we can prove (1.1) has no eventually negative solution. 
Similar to the proof of Theorem 1, from Lemma 6, we can easily obtain the following result. 
THEOREM 6. Assume that 
(I) uf(u)  > 0 for u > O, f is nondecreasing and there exists an ~ > 0 such that f (u)  < u for 
u~_~, 
(II) there exist a > 1, b > 0 such that 1 < an < a, bn ~ b eventua//y hold, 
(III) the characteristic function of (1.4) 
F(A)  -- (A -  1) 2 +aA(A-  1) +bA -~ -- 0 
has real roots which satisfy 0 < A < 1. 
Then (1.2) has eventually positive solutions. 
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